Hill's potentials in H\"ormander spaces and their spectral gaps by Mikhailets, Vladimir & Molyboga, Volodymyr
ar
X
iv
:0
90
5.
46
55
v2
  [
ma
th.
SP
]  
24
 Ju
n 2
00
9
HILL'S POTENTIALS IN H

ORMANDER SPACES AND THEIR
SPECTRAL GAPS
1
VLADIMIR MIKHAILETS, VOLODYMYR MOLYBOGA
Abstrat. We study the behaviour of the lengths of spetral gaps {γq(n)}n∈N in a on-
tinuous spetrum of the Hill-Shrodinger operators
S(q)u = −u′′ + q(x)u, x ∈ R,
with 1-periodi real-valued distribution potentials
q(x) =
X
k∈Z
bq(k) eik2pix ∈ H−1(T), bq(k) = bq(−k), k ∈ Z,
in dependene on the weight ω of the Hormander spae Hω(T) ∋ q.
Let hω(N) be a Hilbert spae of weighted sequenes. We prove that
{bq(·)} ∈ hω(N)⇔ {γq(·)} ∈ hω(N)
if a positive, in general non-monotoni, weight ω = {ω(k)}k∈N satises only two following
onditions:
i) − 1 < µ(ω) = lim inf
k→∞
logω(k)
log k
≤ ρ(ω) = lim sup
k→∞
logω(k)
log k
<∞,
ii) ρ(ω) <
(
1 + 2µ(ω) if µ(ω) ∈ (−1, 0],
1 + µ(ω) if µ(ω) ∈ [0,∞).
In the ase q ∈ L2(T), ω(k) = (1 + 2k)s, s ∈ Z+, this result is due to Marhenko and
Ostrovskii (1975).
1. Introdution
Let onsider on the omplex Hilbert spae L2(R) the Hill-Shrodinger operators
(1) S(q)u := −u′′ + q(x)u, x ∈ R,
with 1-periodi real-valued potentials
q(x) =
∑
k∈Z
q̂(k)eik2pix ∈ L2(T,R), T := R/Z.
This means that ∑
k∈Z
|q̂(k)|2 <∞ and q̂(k) = q̂(−k), k ∈ Z.
It is well known that the operators S(q) are lower semibounded and self-adjoint. Their
spetra are absolutely ontinuous and have a zone struture [32℄.
Spetra of the operators S(q), q ∈ L2(T,R), are ompletely dened by the loation of the
endpoints of spetral gaps {λ0(q), λ±n (q)}
∞
n=1, whih satisfy the inequalities:
(2) −∞ < λ0(q) < λ
−
1 (q) ≤ λ
+
1 (q) < λ
−
2 (q) ≤ λ
+
2 (q) < · · · .
1
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For even/odd numbers n ∈ Z+ the endpoints of spetral gaps {λ0(q), λ±n (q)}
∞
n=1 are eigenval-
ues of the periodi/semiperiodi problems on the interval [0, 1]:
S±(q)u := −u
′′ + q(x)u = λu,
Dom(S±(q)) :=
{
u ∈ H2[0, 1]
∣∣∣u(j)(0) = ± u(j)(1), j = 0, 1} .
Interiors of spetral bands (stability or tied zones)
B0(q) := (λ0(q), λ
−
1 (q)), Bn(q) := (λ
+
n (q), λ
−
n+1(q)), n ∈ N,
together with the ollapsed gaps
λ = λ+n = λ
−
n , n ∈ N
are haraterized as a lous of those real λ ∈ R for whih all solutions of the equation
S(q)u = λu are bounded. Open spetral gaps (instability or forbidden zones)
G0(q) := (−∞, λ0(q)), Gn(q) := (λ
−
n (q), λ
+
n (q)) 6= ∅, n ∈ N
are a lous of those real λ ∈ R for whih any nontrivial solution of the equation S(q)u = λu
is unbounded.
We are going to haraterize the behaviour of the lengths of spetral gaps
γq(n) := λ
+
n (q)− λ
−
n (q), n ∈ N
of the Hill-Shrodinger operators S(q) in terms of the behaviour of the Fourier oeients
{q̂(n)}n∈N of the potentials q with respet to appropriate weight spaes, that is by means of
potential regularity.
For L2(T,R)-potentials fundamental result in this problem follows from the Marhenko
and Ostrovskii paper [18℄ (see also [17℄):
(3) q ∈ Hs(T,R)⇔
∑
n∈N
(1 + 2n)2sγ2q (n), s ∈ Z+,
where Hs(T,R), s ∈ Z+, denotes the Sobolev spaes of 1-periodi real-valued funtions on
the irle T.
To haraterize regularity of potentials in the ner way we will use the real Hormander
spaes
Hω(T,R) :=
{
f =
∑
k∈Z
f̂ (k)eik2pix
∣∣∣∣∣ f̂(k) = f̂(−k), k ∈ Z, ∑
k∈N
ω2(k)|f̂(k)|2 <∞
}
,
where ω(·) is a positive weight. In the ase of the Sobolev spaes it is a power one. Suh
denition of the real Hormander spaes on the irle ompletely orresponds to the theory of
funtion spaes on a smooth losed manifold [28, 29℄.
Djakov, Mityagin [6℄, Poshel [30, 31℄ extended the Marhenko-Ostrovskii Theorem (3) to
the general lass of weights Ω = {Ω(k)}k∈N satisfying the following onditions:
i) Ω(k)ր∞, k ∈ N; (monotoniity)
ii) Ω(k +m) ≤ Ω(k)Ω(m) ∀k,m ∈ N; (submultipliity)
iii)
logΩ(k)
k
ց 0, k →∞, (subexponentiality).
For suh weights they proved that
(4) q ∈ HΩ(T,R)⇔ {γq(·)} ∈ h
Ω(N).
Here hΩ(N) is the Hilbert spae of weighted sequenes generated by the weight Ω(·).
Earlier Kappeler, Mityagin [13℄ proved the diret impliation in (4) under the only assump-
tion of submultipliity. In the speial ases of the Abel-Sobolev weights, the Gevrey weights
and the slowly inreasing weights the relationship (4) was established by Kappeler, Mityagin
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[12℄ (⇒) and Djakov, Mityagin [4, 5℄ (⇐). Detailed exposition of these results is given in the
survey [6℄. It should be noted that Poshel [30, 31℄, Kappeler, Mityagin [12, 13℄ and Djakov,
Mityagin [5, 6℄ studied also the more general ase of omplex-valued potentials.
For the power weights
ws = {ws(k)}k∈N : ws(k) := (1 + 2k)
s, s ∈ R
it is onvenient to use shorter notation
Hωs(T) ≡ Hs(T), hωs(N) ≡ hs(N).
After the elebrated Kronig and Penney paper [16℄ the Shrodinger operators with (peri-
odi) distributions as potentials ame into mathematial physis. The following development
of quantum mehanis stimulated ative growth of this branh of siene (see the bibliography
of the monographs [1, 2℄, whih ounts several hundreds of physial and mathematial works).
In this paper we study the Hill-Shrodinger operators S(q) with 1-periodi real-valued
distribution potentials q from the negative Sobolev spae H−1(T,R):
(5) q(x) =
∑
k∈Z
q̂(k)eik2pix ∈ H−1(T,R).
This means that∑
k∈N
(1 + 2k)2s|q̂(k)|2 <∞, s = −1, and q̂(k) = q̂(−k), k ∈ Z. (6s)
All pseudo-funtions, measures, pseudo-measures and some even more singular distributions
on the irle satisfy this ondition.
Under the assumption (5) the operators (1) an be well dened on the omplex Hilbert
spae L2(R) in the following basi ways:
• as form-sum operators;
• as quasi-dierential operators (minimal operators, maximal operators, the Friedrihs
extensions of the minimal operators);
• as limits of operators with smooth 1-periodi potentials in the norm resolvent sense.
Equivalene of all these denitions was proved in the paper [22℄.
The Hill-Shrodinger operators S(q), q ∈ H−1(T,R), are lower semibounded and self-
adjoint, their spetra are absolutely ontinuous and have a band and gap struture as in
the lassial ase of L2(T,R)-potentials, [11, 15, 7, 22, 24, 10℄. The endpoints of spetral
gaps {λ0(q), λ±n (q)}
∞
n=1 satisfy the inequalities (2). For even/odd numbers n ∈ Z+ they are
eigenvalues of the periodi/semiperiodi problems on the interval [0, 1] [22, Theorem C℄.
In the paper [23℄ we extended the Marhenko-Ostrovskii Theorem (3) to the ase of singular
potentials q ∈ H−1+(T,R). This means that q satises (6s) with some s > −1. We proved
that
(7) q ∈ Hs(T,R)⇔ {γq(·)} ∈ h
s(N), s ∈ (−1,∞).
The ase s ∈ (−1, 0] was earlier treated in [21, 26℄.
Djakov, Mityagin [8, 9℄ extended the latter statement to the limiting ase s = −1:
(8) q ∈ Hs(T,R)⇔ {γq(·)} ∈ h
s(N), s ∈ [−1,∞),
under the a priori assumption q ∈ H−1(T,R). Moreover, they extended the result (4) to the
ase of potentials q ∈ H−1(T,R) and more general weights:
(9) q ∈ HΩ
∗
(T,R)⇔ {γq(·)} ∈ h
Ω∗(N), Ω∗ :=
{
Ω(k)
1 + 2k
}
k∈N
,
where the weights Ω = {Ω(k)}k∈N are supposed to be monotoni, submultipliative and
subexponential.
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2. Main results
The aim of this paper is to extend the result (8) to a more extensive lass of weights, for
whih the onditions of regularity of the weight behaviour may not hold, and to supplement
the result (9).
For onveniene of formulation of the results we introdue the following denition.
Denition. Let the set X ⊂ H−1(T,R). We write ω ∈MO(X) if
q ∈ Hω(T,R)⇔ {γq(·)} ∈ h
ω(N) ∀q ∈ X.
It is easy to see that
X ⊃ Y ⇒ MO(X) ⊂ MO(Y ),
and
(3)⇔ ωs ∈ MO(L
2(T)), s ∈ Z+,
(4)⇔ Ω ∈ MO(L2(T)),
(8)⇔ ωs ∈ MO(H
−1(T)), s ∈ [−1,∞),
(9)⇔ Ω∗ ∈ MO(H−1(T)).
Further, let us reall that lower order µ(ω) and upper order ρ(ω) of a weight sequene
ω = {ω(k)}k∈N are dened as follows:
µ ≡ µ(ω) := lim inf
k→∞
logω(k)
log k
, ρ ≡ ρ(ω) := lim sup
k→∞
logω(k)
log k
.
In what follows we will onsider only weights satisfying the onditions:
−1 < µ(ω) ≤ ρ(ω) <∞.
Suh weights have not more than a power growth. The following statement is the main result
of this paper.
Theorem 1. Let q ∈ H−1(T,R) and the weight ω = {ω(k)}k∈N satisfy onditions:
− 1 < µ(ω) ≤ ρ(ω) <∞,(10)
ρ(ω) <
{
1 + 2µ(ω) if µ(ω) ∈ (−1, 0],
1 + µ(ω) if µ(ω) ∈ [0,∞).
(11)
Then ω ∈ MO(H−1(T)).
Corollary 1.1. Let for the weight ω = {ω(k)}k∈N exist the order
lim
k→∞
logω(k)
log k
= s ∈ (−1,∞).
Then ω ∈ MO(H−1(T)).
From Corollary 1.1 we reeive the following result.
Corollary 1.2 (f. [23℄). Let the weight ω = {ω(k)}k∈N be a regular varying sequene on
+∞ in the Karamata sense with the index s ∈ (−1,∞). Then ω ∈MO(H−1(T)).
Note that the assumption of Corollary 1.2 holds, for instane, for the weight
ω(k) = (1 + 2k)s (log(1 + k))r1(log log(1 + k))r2 . . . (log log . . . log(1 + k))rp ,
s ∈ (−1,∞), {r1, . . . , rp} ⊂ R, p ∈ N,
see the monographs [3, 33℄.
Theorem 1 extends the statement (8) and Corollary 1.2 to the ase of non-regularly varying
weights.
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The following Example A shows that statement (9) does not over Corollary 1.1 and all
the more Theorem 1.
Example A. Let s ∈ (−1,∞). Set
w(k) :=
{
ks log(1 + k) if k ∈ 2N,
ks if k ∈ (2N− 1).
Then the weight ω = {ω(k)}k∈N satises the onditions of Corollary 1.1. But one an prove
that the weight
ω∗ := {(1 + 2k)ω(k)}k∈N
is not equivalent to any monotoni weight.
3. Preliminaries
Here, for onveniene, we dene Hilbert spaes of weighted two-sided sequenes and for-
mulate the Convolution Lemma 2.
For every positive sequene ω = {ω(k)}k∈N there exists its unique extension on Z whih is
a two-sided sequene satisfying the onditions:
i) ω(0) = 1;
ii) ω(−k) = ω(k) ∀k ∈ N;
iii) ω(k) > 0 ∀k ∈ Z.
Let
hω(Z) ≡ hω(Z,C)
be the Hilbert spae of two-sided sequenes:
hω(Z) :=
{
a = {a(k)}k∈Z
∣∣∣∣∣∑
k∈Z
ω2(k)|a(k)|2 <∞
}
,
(a, b)hω(Z) :=
∑
k∈Z
ω2(k)a(k)b(k), a, b ∈ hω(Z),
‖a‖hω(Z) := (a, a)
1/2
hω(Z), a ∈ h
ω(Z).
Basi weights whih we use are the power ones:
ws = {ws(k)}k∈Z : ws(k) = (1 + 2|k|)
s, s ∈ R.
In this ase it is onvenient to use shorter notations:
hωs(Z) ≡ hs(Z), s ∈ R.
Operation of onvolution for two-sided sequenes
a = {a(k)}k∈Z and b = {b(k)}k∈Z
is formally dened as follows:
(a, b) 7→ a ∗ b,
(a ∗ b)(k) :=
∑
j∈Z
a(k − j) b(j), k ∈ Z.
Suient onditions for the onvolution to exist as a ontinuous map are given by the
following known lemma, see for example [14, 27℄.
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Lemma 2 (The Convolution Lemma). Let s, r ≥ 0, and t ≤ min(s, r), t ∈ R. If s+r−t > 1/2
then the onvolution (a, b) 7→ a ∗ b is well dened as a ontinuous map ating in the spaes:
(a) hs(Z)× hr(Z)→ ht(Z),
(b) h−t(Z)× hs(Z)→ h−r(Z).
In the ase s+ r − t < 1/2 this statement fails to hold.
4. The Proofs
Basi point of our proof of Theorem 1 is sharp asymptoti formulae for the lengths of
spetral gaps {γq(n)}n∈N of the Hill-Shrodinger operators S(q).
Lemma 3. The lengths of spetral gaps {γq(n)}n∈N of the Hill-Shrodinger operators S(q)
with q ∈ Hs(T,R), s ∈ (−1,∞), uniformly on the bounded sets of potentials q in the orre-
sponding Sobolev spaes Hs(T) for n ≥ n0, n0 = n0
(
‖q‖Hs(T)
)
, satisfy the following asymp-
toti formulae:
γq(n) = 2|q̂(n)|+ h
1+2s−ε(n), ε > 0 if s ∈ (−1, 0],(12)
γq(n) = 2|q̂(n)|+ h
1+s(n) if s ∈ [0,∞).(13)
Proof of Lemma 3. The asymptoti estimates (12) were established by the authors in the
paper [23, Theorem 1℄ (see also [21, 26℄) by method of the isospetral transformation of the
problem [25, 19, 20, 21, 26℄.
The asymptoti formulae (13) follow from [13, Theorem 1.2℄ due to the Convolution
Lemma 2 (see also [13, Appendix℄). Indeed, from [13, Theorem 1.2℄ with q ∈ Hs(T,R),
s ∈ [0,∞), we get
(14)
∑
n∈N
(1 + 2n)2(1+s)
(
min
±
∣∣∣γq(n)± 2√(q̂ + ̺)(−n)(q̂ + ̺)(n)∣∣∣)2 ≤ C (‖q‖Hs(T)) ,
where
̺(n) :=
1
π2
∑
j∈Z\{±n}
q̂(n− j)q̂(n+ j)
(n− j)(n+ j)
.
Without losing generality we assume that
(15) q̂(0) := 0.
Taking into aount that the potentials q are real-valued we have
q̂(k) = q̂(−k), ̺(k) = ̺(−k), k ∈ Z.
Then from (14) we get the estimates
(16) {γn(q)− 2 |q̂(n) + ̺(n)|}n∈N ∈ h
1+s(N).
Further, as by assumption q ∈ Hs(T,R), that is {q̂(k)}k∈Z ∈ hs(Z), then{
q̂(k)
k
}
k∈Z
∈ h1+s(Z), s ∈ [0,∞),
taking into aount (15). Applying the Convolution Lemma 2 we obtain
̺(n) =
1
π2
∑
j∈Z
q̂(n− j)q̂(n+ j)
(n− j)(n+ j)
=
1
π2
∑
j∈Z
q̂(2n− j)
2n− j
·
q̂(j)
j
(17)
=
({
q̂(k)
k
}
k∈Z
∗
{
q̂(k)
k
}
k∈Z
)
(2n) ∈ h1+s(N).
Finally, from (16) and (17) we get the neessary estimates (13).
The proof of Lemma 3 is omplete. 
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Proof of Theorem 1. Let q ∈ H−1(T,R) and ω = {ω(k)}k∈N be a given weight satisfying
the onditions (10) and (11) of Theorem 1. We need to prove the statement
(18) q ∈ Hω(T,R)⇔ {γq(·)} ∈ h
ω(N).
From formula (10) and denition of the lower and upper orders of a weight sequene we
onlude that for the given weight ω = {ω(k)}k∈N the following estimates are fullled:
kµ−δ ≪ ω(k)≪ kρ+δ, −1 < µ ≤ ρ <∞, δ > 0.
Hene, the ontinuous embeddings
Hρ+δ(T) →֒ Hω(T) →֒ Hµ−δ(T),(19)
hρ+δ(N) →֒ hω(N) →֒ hµ−δ(N), −1 < µ ≤ ρ <∞, δ > 0(20)
are valid beouse of
(21) Hω1(T) →֒ Hω2(T), hω1(N) →֒ hω2(N) if only ω1 ≫ ω2.
Let q ∈ Hω(T,R), then from (19) we obtain that q ∈ Hµ−δ(T,R), δ > 0. Due to arbitrary
hoie of δ > 0 we may hoose it so that:
µ− δ > 0 if µ > 0,
µ− δ > −1 otherwise.
Further, using Lemma 3 we get the following asymptoti formulae for the lengths of spetral
gaps:
γq(n) = 2|q̂(n)|+ h
1+2(µ−δ)−ε(n), ε > 0 if µ− δ ∈ (−1, 0],(22)
γq(n) = 2|q̂(n)|+ h
1+µ−δ(n) if µ− δ ∈ [0,∞).(23)
Now, due to possibility of arbitrary hoie of δ > 0 and ε > 0 we may hoose them so that:
1 + 2(µ− δ)− ε > ρ+ δ if µ− δ ∈ (−1, 0],(24)
1 + µ− δ > ρ+ δ if µ− δ ∈ [0,∞).(25)
This hoie is possible as (10) and (11) hold.
Taking into aount (24), (25) and using (21), from (22), (23) we get estimates
γq(n) = 2|q̂(n)|+ h
ρ+δ(n).
From the latter formula and formula (20) we nally derive
(26) γq(n) = 2|q̂(n)|+ h
ω(n).
Hene, as by assumption q ∈ Hω(T,R), and as onsequene {q̂(·)} ∈ hω(N), we get {γq(·)} ∈
hω(N).
The impliation (⇒) in (18) has been proved.
Conversely, let {γq(·)} ∈ hω(N). Then applying (20) we have {γq(·)} ∈ hµ−δ(N), δ > 0:
µ− δ > 0 if µ > 0,
µ− δ > −1 otherwise.
Now, applying (8) we onlude that q ∈ Hµ−δ(T,R).
We have already proved the impliation
q ∈ Hµ−δ(T,R)⇒ (26).
So we have
γq(n) = 2|q̂(n)|+ h
ω(n),
and hene {q̂(·)} ∈ hω(N), i.e., q ∈ Hω(T,R).
The impliation (⇐) in (18) has been proved.
The proof of Theorem 1 is omplete.
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